Working in a weighted Sobolev space, a new result involving superlinear nonlinearities for a quasilinear elliptic boundary value problem in a domain in R N is established. The proofs rely on the Galerkin method, Brouwer's theorem and a new weighted compact Sobolev-type embedding theorem due to V.L. Shapiro. MSC: 35J25; 35J62; 65L60
Introduction
Consider the following quasilinear elliptic problem: However, there seem to be relatively few papers that consider the quasilinear elliptic equations with superlinearity, because the compactly embedding theorem cannot be obtained easily.
The aim of this paper is to obtain an existence result for problem (.). Our methods combine the Galerkin-type techniques, Brouwer's fixed-point theorem, and a new compactly embedding theorem established by V.L. Shapiro in [] .
This paper is organized as follows. In Section , we introduce some necessary assumptions and main results. In Section , four fundamental lemmas are established. In Section , the proofs of the main results are given. http://www.boundaryvalueproblems.com/content/2012/1/90
Assumptions and main results
In this section, we introduce some assumptions and give the main results in this paper.
Let ⊂ ∂ be a fixed closed set (it may be the empty set) and
Consider the following pre-Hilbert spaces
with the inner product 
Definition . For the quasilinear differential operator M, the two-form is
For the linear differential operator,
There exists a sequence of eigenvalues {λ n } ∞ n= , corresponding to the orthonormal sequence {ϕ n } ∞ n= , and satisfying
There are many examples to illustrate the Simple-V L region. One can refer to [] and [] .
, it is easy to see that ρ(x), p i (x) are positive and
Definition . M is near-related to L if the following condition holds:
We make the following assumptions concerning the operators M and L: a ij (x) (i, j = , . . . , N ) and a  (x) satisfy (so do b ij (x) and b  (x)):
It is assumed throughout the paper that σ i (u) (i = , , . . . , N ) meets:
f (x, s) meets the following conditions: (f -) f (x, s) satisfies the Caratheodory conditions; (f -) (superlinear growth condition) There exists θ with  < θ <
) is a positive function, and meets both (f -) and (f -).
Now we state our main results in this paper. 
To derive out Theorem ., we first discuss the problem in S n , which is the subspace of H 
Fundamental lemmas
In this section, we introduce and establish four fundamental lemmas. Lemmas . and . give two useful embedding theorems. Lemma . constructs some approximation solutions in S n . Lemma . studies the properties of the approximation solutions.
Lemma . Let all the assumptions in Theorem . hold. Then for n ≥ , there exists a u n ∈ S n such that
Proof For fixed n (n ≥ ) and ∀α = (α  , . . . ,
From () and () of (.), we have
where l = min{c  , β  , } > . Combining (.) with (.), we get
For m ≥ , a positive integer, we put
ρ , the Hölder inequality, Minkowski inequality, and (.), for ∀v ∈ S n , we get
where T m is a positive constant depending on m. The remaining proof is separated into two parts. The first part is to prove the claim (.) for f m (x, s). The second part is to get the conclusion by leaving m → ∞ based on (.).
Part . Fix m (m ≥ ). To show there exists u * n,m such that
we set
It is clear that
, where
For (.), observing the fact that the operator M is near-related to L, G ∈ [H  p,q,ρ ( , )] , (.), (.), (.), and Lemma ., we conclude that For (.), by (.), we obtain 
where u * n,m (k) = ϕ k , u * n,m ρ . On the other hand, using (f -), for s ≥ m, we have
Similarly, we can also obtain the same conclusion where -m ≤ s ≤ m or s ≤ -m. As a result,
Dividing both sides of (.) by u * n,m  ρ and leaving m → ∞, we obtain from the fact 
We suppose that Lemma . is false. Without loss of generality, suppose that
To lead to a contradiction, taking v = u n in (.), then
And we can get
, and (.), 
also, () and () of (.) to show 
Proof of Theorem 2.1
Proof Since H 
